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Existence of Mild Solutions for Atangana-Baleanu Retarded Fractional Differential
Equations with Nonlocal Conditions

Abderrahim Kraita, Ahmed Hajji and Meryeme El Harrak

ABSTRACT: In the present paper, we investigate the existence of mild solutions for retarded semilinear
fractional differential equations subject to nonlocal conditions in a Banach space. The results are obtained by
applying the Schauder fixed point theorem and Grénwall’s inequality, under suitable assumptions. Finally, an
example is provided to illustrate and justify the theoretical results.
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1. Introduction

We consider the following nonlocal initial value problem:

ABCDeg(t) = Ao(t) + x(t,o(t)), t€[0,b], (1.1)
U(t) = ¢(t) + )‘<U)7 te [a7 0] )
where the unknown function o takes values in a separable Banach space X. The operator 45¢ De

represents the left Caputo AB-derivative of order o, with 0 < p < 1, and A is the infinitesimal generator
of a Cy—semigroup T'(t) on X. The functions x and A will be specified later and ¢ € X.

It is well known among researchers in applied mathematics that fractional calculus has experienced
remarkable scientific development in recent years, despite having been introduced as early as 1695 by
Newton and Leibniz. More recently, it has gained widespread recognition across various scientific disci-
plines as a more effective tool for modeling real-world phenomena than classical derivatives. The diversity
of its applications is closely related to the wide range of existing definitions of fractional derivatives and
integrals, including those of Riemann-Liouville, Hadamard, Griinwald-Letnikov, Caputo, Riesz—Caputo,
Chen, Weyl, Erdélyi-Kober, among others. In 2015, Caputo and Fabrizio introduced a novel definition
of nonlocal fractional derivatives with a non-singular kernel, formulated in the not necessarily Banach
space H'(a,b). For o € (0,1), 0 € H'(a,b) with b > a, and a normalization function B(p) satisfying
B(0) = B(1) = 1, the Caputo-Fabrizio fractional derivative of order g is defined as follows:

t

“ED? o(t) = M/ o'(s)e T2 s
1- 0 Ja

Although this definition initially posed significant challenges for practical implementation, it was soon

successfully applied in various fields, including thermal science, mechanical engineering, and groundwater

studies. For further details, see [17,22,23] and the references therein. One year later, Atangana and

Baleanu proposed a new class of nonlocal fractional derivatives characterized by a nonsingular kernel
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involving the Mittag—Leffler function. This approach generalizes the Caputo—Fabrizio derivative, which
is constructed using an exponential-type kernel. The Atangana—Baleanu definition strengthened the
connection between fractional calculus and the Mittag—Leffler function, highlighting their combined ef-
fectiveness in modeling complex phenomena. Additional discussions and applications can be found in
[7,20,21,24].

The concept of nonlocal initial conditions was first introduced by Byszewski [11] in the context of first-
order differential equations. Since then, considerable effort has been devoted to this topic, as nonlocal
conditions often yield more realistic models than classical initial conditions. Numerous existence and
solvability results have been established using fixed point methods in spaces such as C([a, b], X); see, for
example, [12,13,3].

The paper is structured as follows: Section 2 introduces the essential definitions and key results
required for the subsequent analysis. Section 3 focuses on proving the existence of mild solutions to the
differential equations under certain conditions. Lastly, Section 4 presents an example that demonstrates
the theoretical findings.

2. Preliminary results

In this section, we introduce the fundamental preliminaries, notations, and auxiliary results that will
be used throughout the paper, with particular emphasis on fractional integration and differentiation.

Let X be a Banach space endowed with the norm ||.|x. For a < 0 < b, we denote by C([a,b]; X)
the Banach space of all continuous functions from [a,b] into X, equipped with the supremum norm

lo]l = supsepap o (Bl x
Let A:D(A) C X — X be a linear unbounded operator with domain D(A). The resolvent set of A
is denoted by p(A), and for each u € p(A), the resolvent operator is defined by R(u; A) = (ul — A)~1.
Definition 2.1 (See [4]) Let p € [1,+00), the Sobolev space HP(a,b) is defined by
HP(a,b) = {f € L*(a,b) : D’ f € L*(a,b), for all |3| < p}

Definition 2.2 (See [21]) Let o € H'(a,b), where a < b, and let 0 < o < 1. The Caputo Atan-
gana—Baleanu fractional derivative of order p is defined as

(ABCDga) (t) = B(Q)/at o'(2)E, (_Q(t — Z)Q> "

T 1-op 1—o0

where E, is the Mittag-Leffler function defined by E,(t) = £
positive function that satisfies B(0) = B(1) = 1.
The left Riemann Atangana-Baleanu fractional derivative of order ¢ is defined by

(o) (0= 124 [ oty (-2 ) e

_lfga 1—0p

The associated fractional integral is expressed as

;.LO:OF(ntTll) and B(p) is a normalizing

ABJeg () = 1Bz9§)0(t) + (Q)QF o / (t — 2)2 L o(2)dz

Definition 2.3 (See [4]) The resolvent set of an operator A is defined by
p(A)={peC : (ul — A): D(A) — X is bijective}.
For each u € p(A), the resolvent operator is given by
R(u, A) = (ul = A)7Y,

which is a bounded linear operator on X.
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Definition 2.4 (See [4]) An operator A is called sectorial if the following conditions hold:
1. A is a closed and linear operator.
2. There exist constants M >0, v € R, and u € [g, ﬂ such that
E('u,,v) = {/”’ eC: 12 7é v, |arg(/,[, - U)| < u} - p(A)

3. The resolvent operator R(u, A) satisfies the estimate
M
R(p, A)|| < ——, Vu € Zwa)-
[ R(p, Al < o HEEwy

Theorem 2.1 (Gronwall’s inequality [1]) Let ¢ and o be two integrable functions on [a,b], and let
Let n € C([a,b]) be a continuous, non-negative, and non-decreasing function. Assume that ¢ > 0 and
0 >0 for allt € [a,b].

If

s(t) < o(t) +n(t) /t(t — s)gflg(s)ds, Yt € [a, b]
then

t oo

o(t) < o(t) + ZW(t—s)je—la(s)ds, Vt € [a, D]

Theorem 2.2 (Schauder fixed point theorem [3]) Let V be a nonempty, closed, convex, and
bounded subset of a Banach space X, and let T :V — V be a continuous and compact mapping.
Under these conditions, T must possess at least one fized point in V.

3. Main result

This section is devoted to a detailed analysis aimed at establishing the existence of mild solutions for
system (1.1). We begin by presenting the following remark, which plays a fundamental role in proving
the main results.

Remark 3.1 To formulate the mild solution of problem (1.1), we rely on an analytical procedure derived
from the methods proposed in [2,16] for the study of a related Cauchy problem.

ABCDeg(t) = Ao(t) + g(t), t€[0,b,0< o<1
o(0) =0p € X.

The above problem admits a mild solution given by

Te(l - o)

B(o)I'(e)

where Y and ¢ are bounded linear operators defined by

2

o(t) = YT,(t)oo + /0 (t—s)2"1g(s)ds + g{@) /0 So(t —s)g(s)ds

T=C(CI-A)", o=—Al-A)""

with ( = %@3’7 = ITQQ, Moreover, the operator families T,(t) and S,(t) are defined by

1 _
T,(t) = B, (—pt?) = —./Fe”T<@—1> (121 — )~ 'dr

271
1 tr (o -1
— [ T (T — ) dr
r

Sg(t) = tg_lEQ,g (_@tg) = i

where T is a suitable contour contained in ¥,y and g € C([a,b], X). For further details, we refer the
reader to [14]. where I is a suitable contour lying on ¥, .y and g € C([a,b], X). See [1/]
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Based on the preceding discussion, we introduce the following definition.

Definition 3.1 Let x € C(]0,b] x X, X). A function o : [a,b] — X is called a mild solution of
problem (1.1) if

YT, (0) <¢<o> - A( > + 3258 fo "X (s, 0(s))ds
o) = +&5 —Jrs, o(s))ds, te (O,b]
M)+M), temm
where T = ((C1 — A) 7, p = —yA(CT — A)7", ¢ = 22 and 4 = 2.

Lemma 3.1 (See [2]) If A € A?(uo,vo) then ||T,(t)|| < Me™ and [|S,(t)|| < Ce™ (14 t271), for all
t>0,v> 1.

According to the above lemma, if we set

m = sup [|T,(t)| and s = sup Ce™ (14t°7")
te(0,b] t€(0,b]

. then it follows that
1T, ()] < m and [|S,(8)]] < 2 e

For further details, see [2].
The following assumptions are used to establish the existence results.
(Hy) x satisfies Carathedory condition i.e. x(-,0) : [0,b] — X is Lebesgue measurable and x(¢,-) :
X — X is continuous.
(H3) For every 3 > 0 there exists a function h € L>([0,b]; R™) satisfying

sup ||x(t,o(t))|lx < h(t) fora.e. te]0,b],
loe@®)lx<B

(Hs) T,(t) and S,(t) are compact operators for all ¢ € [0, b].
(Hy4) The function A : X — X is continuous. For any 3 > 0, there exist kg : Rt — R* sutch that

IA)llx < ks(llollx)

and L
fn Rl
B—+00 ﬁ

(Hs) There exist Ny > 0, such that Voy,09 € X,

=0 < 400

Ix(t,01) = x (¢ 02)llx < Nollor — o2lx
Theorem 3.1 Suppose that assumptions (Hy) — (Hys) hold and that
(I+m[Tlx)d<1 (3.1)

Then the fractional semilinear differential equation (1.1) has at least one mild solution in X. Moreover,
if (Hs) holds, this mild solution is unique.

Proof:
Let 8 > 0 be given, and define the closed, bounded subset of C([a,b],X) by Bg = {c € C([a,b], X) :

lollx < B8}
Next, we consider the operator A : C([a,b]; X) — C([a,b]; X) defined by A = Ay + A, where

o, t € (0,0]
Aio(t) = {¢(t) + Ao), te [afa O]
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and
TT,(0) (6 () MNo)) + H5G Jo (t = 5)07 x(s,0(s))ds
Aqo(t) = B(g) fo —8)x(s,0(s))ds, t € (0,0

0, t € [a,0]

The proof will be given in the following steps.
Step 1. We show that A (Bg) C Bg.

Assume that this is not the case. Then, for every 8 > 0, there exist 0 € Bg, and t € (0,7 such that
[(Ao) ()] x > B.

Since

(A10) (O)llx < [ollx + ks (lollx)

and

I(420) (@)1 < ITTO0)+ Aol + D5 [ 18ute = (oot ds

mol XI5 [ —8)27 |x (s,0(s S
< 0 (160)x -+ ks (o) + 22 [ =027 (s, (sl d
i A A O

T|xllellx(1—0)\ [|h]lpe<b®
Sm|r|x<||<z>X+kﬂ<|a|x>>+(nz||r||§+" lix lellx € )” I

T(o+1) B(o)
Then

B <|l(Ao) (B)llx < [(A10) ()]lx + [[(A20) (B)]l x
< lle®lx + ks (lollx) +mlITlx ([ollx + ks (lollx))

[Tl xllellx (1 —0)\ [|7]L=b°
+<T|§c+ Xf(g—fl) ) B@;)

< (m Ty +1) (Iollx + ks (lollx)) + <|T|§¢ +

Y] x[leollx (X — 9)) ||| poc bO
L(o+1) B(p)

After dividing both sides by 8 and passing to the sup limit as 8 — +o0, we arrive at
L<(X+m|Ylx)d

which is a contradiction with (3.1). Consequently, A(Bg) C Bg
Step 2: A(Bg) is uniformly bounded.
This is clear since A(Bg) C Bg is bounded.
Step 3: A is continuous.
Let (o), ey be a sequence of By such that o, — 0 as n — oo in Bg. We aim to prove that Ao, — Ao
as n — 0o in Bg.

Its clear that [|A10,(t) — Ajo(t)||y — as n — +o00. On the other hand, from Lemma 3.1, it follows
that:
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JA2,(6) = Mao (Ol < | TTO0@) = A + 20 [ =90 (s, 0(6) = x (0100

QTQ t
B(o) /0 Solt — 5) [x (5,0 (s)) — x (s,0(s))] ds

< Tl x 1T () x [(A(on) = Aol x

IClxllellx(T=0) ¥~ ety (5.0 (1) — x (5. o)< ds
+ el /o(t )77 X (5,00(5)) — X (5.0(5)) | x d

TZ t
+ Q|J|9<g|>|X/ [18a(t = 9)lx Ix (5:0m()) = x (3,0 (5)) | ds
< [T 1A (@n) = A(@))
+ ”T”?('f)'g((;)_ s /o (t = )27 lIx (s,0(5) = x (5,0(5)) | x ds

olI)%
B(o)

+

X

+ a / (t = )21 |x (5, 0u(s)) — X (5,0(5))l| ¢ ds

taking the continuity of the functions y and A into consideration and Lebesgue dominated convergence
theorem, we get:

|[A2on(t) — Ago(t)]| x — 0 as n — oo.

Consequently, the operator Ay : Bg — X is continuous.
Step 4. A is equicontinuos

[Az0(t1) = Ago(ta)llx < Tlx [ Te(t) = Tolt2)llx ([(0)]Ix + [|A(o)l[x)

”T”XH(PHX(l*Q) " — S o1 S,0(s S — . — 8 o—1 S,0(s S
* B(o)I(0) /O (t1 — ) "x(s,0(s))d /O (ta = 5)? " x(s,0(s))d .
- B(o) ’0 So(tr = s)x(s,0(s))ds /0 Sy(t2 S)X(S,U(s))dsx

ITlxlelx = o)., . ol
<Wi+ Blo) (o) Wo + B) Ws

By using the hypothesis (Hs), we get
Wi = Tl x 1To(t1) = To(t2)ll x ([0(0)] + [[A(o)llx) — 0 as t1 — t»

In addition

W, < ] / " (b — 9 (s o(e))ds + / (1= 9" x(so(s)ds — | " (1 — 9% x(s.0())ds

X
=927 = (12— 9% It 05)) s

< / (6= 90 s ool +
<l ( /(t o s [ et (1 5] i)

hl| Lo
< % ((ty — t2)® + 12 —t5 4 (t1 — t2)°)

< Wle= (42 — 18+ 2(ty — 1)?)
Hence, Wy — 0 as t; — t5



W3

t1

0

< ‘/ 1S5 (1= 5) et ollxds = [ 1, =9 [xlix(s. o)) | xds

<72

_/0 2 (t2 — 5)°7 " |[x(s,0(s))| xds

t1
< [ (=97 (s o) xds

ta

S, (t1 — 8) x(s,0(s))ds — Sy (ta — ) x(s,0(s))ds
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to

0 X

t1

/ C(tr — 97 (s, o)) xds + / (b2 — )7 (s, ()| x s
0

ta

/Ot2 ((h — 3)9*1 by — 8)@71> (s, ()| xds

t1 to
< nallh|| L (/ (t; —s)2 tds +/ ‘(tl —8)7h — (ty — S)‘Q_l’ ds)

to 0

h|| 1,00
< 772% (t] — 15 +2(t1 — t2)°)

Therefore, [|[A2o(t1) — Ago(t2)|| x — 0 as t; — to this implies that A(Bg) is equicontinuous. There-

fore, by Steps 1-4, along with the Arzela—Ascoli theorem, we conclude that the operator A is continuous
and compact. Consequently, by Schauder’s fixed-point theorem, A has a fixed point o, which is a solution

to the equation (1.1).

Step 5.To demonstrate the uniqueness of the fixed point of A, assume that o7 and o5 are two fixed

points of A:

Jor(0) - 220 = |

Then

lon(t) —a2(B)llx < (

To(l— o)
B(o)I'(0)
oY% [t

o / Salt — 5) [x (5:01(5)) — X (5, 02(5))] s
_ ITlxlelx (1= o
B(o)T'(o)

/0 (t = )97 1x (3,0n(s)) — X (5,0(5)) ds

+

X

/o (1 = )7 [x (5,01(5)) — X (5. 02(s)) | ds

el x?| r*
B / 1St = )ll ¢ Ix (5,01(5)) = x (s, 02(9)) |  ds
ITlxllelx(=0) [*, o L
< =t [ e (s01(6) = x (5.9
o Y?]

+

i [ (€= 9 I (s (5) = x (5. ras))l

Il xllellx (1 —0) o] T?|
<< Bor(e) = B

n2> /0 (t= )27 Ix (s,01(5)) = x (5, 02(5)) | x ds

ITlxllellx(t—0) | o7
B(o)l(0) B(o)

772) NO/0 (t — )2 o4 (s) — o2(s) | ds

By using Gronwall’s inequality , we obtain that

llon(t) — o2 ()l x =0, Vi € [a,b]

which implies that o1 = 0.

Thus, the operator A possesses a unique fixed point, which is also the unique mild solution to the system

(1.1).



8 A. KrarTa, A. Hajit AND M. EL HARRAK

4. An application

Take the following semilinear differential equation of fractional order:

ABCp3 (1, z) = SLro (L, x) + Ero(t,a), t€[0,1],2 € [0,7]
o(t,0) = o(t,m) =0 t € [0,1] (4.1)
o(t) = (t) + £3_, L 2(L,2), te[-1,0],2 € [0,7]

7

Consider the Banach space X = L?[0,7] and define the linear operator A : D(A) C X — X by
Ao =0o", for 0 € D(A) = {0 € X : 0,0’ are absolutely continuous, ¢(0) = o(7) = 0}.
For o € D(A), we have

oo
Ao = Z n?{0,00)0n.
n=1

where (0,),,cy is the orthonormal set of eigenvectors given by

on(z) = \/Z sin(nz), neN.

Moreover, A generates a compact Cop-semigroup {7'(¢)}+>0 on X given by
i 2
T(t)o = Z e "o, on)on, oceX,
n=1

which is uniformly bounded by 1. hence the operator R(u, A) = (ul — A)~1 is compact for each u € p(A)
ie. A€ A?(ug,vp). Also, by subordination principle of solution operator, we have ||T,(¢)||z2 < 1 for each
t e [0,1].

Let o(t) = o(t,-) € X. Then the given fractional partial differential equation can be rewritten as the
abstract form (1.1). with

the functions x, A are defined by x(t,0) = %O’(t, ), and A(o) = Zle +o(%,) and it satisfies all
the assumptions (H;i) — (Hs), so the given system (4.1) has unique mild solution.
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